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We consider the notion of planar depth of a planar algebra, viz., the smallest n for
which the planar algebra is generated by its ‘n-boxes’. We establish a simple result
which yields a sufﬁcient condition, in terms of the principal graph of the planar
algebra, for the planar depth to be bounded by k: This sufﬁces to determine the
planar depth of the E6; E8 and the
5þ
ﬃﬃﬃﬃ
13
p
2
subfactors.
We then consider a planar subalgebra of the ‘group planar algebra’ which is
naturally associated with a group Y of automorphisms of the given group G: We
show that this planar algebra corresponds to the ‘subgroup-subfactor’ associated
with the inclusion Y ðGsYÞ (given by the semi-direct product extension). We
conclude with a discussion of the planar depth of this planar algebra PY in some
examples. # 2002 Elsevier Science (USA)
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Jones deﬁned the notion of a planar algebra in [6], where he showed, using
Popa’s characterisation in [10] of the so-called l-lattices, that (spherical,
connected Cn-) planar algebras are in bijection with standard invariants of
extremal subfactors. In particular, each planar algebra is the planar algebra
associated with at least one subfactor.To whom correspondence should be addressed at Mathematical Sciences Research Institute
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LANDAU AND SUNDER72Given a planar algebra P ¼ fPng; let us deﬁne Pn to be the planar
subalgebra (of P) generated by Pn; then we have a tower
P0  P1  P2  	 	 	  Pn  Pnþ1  	 	 	
[1
n¼0
Pn ¼ P ð1:1Þ
of planar subalgebras of P: (Note that P0 is nothing but the Temperley–
Lieb planar algebra TL}with the same d as the given planar algebra.)
It is fairly easy to see that this tower will stabilise at a ﬁnite stage
provided the initial planar algebra P ‘has ﬁnite depth’. Of course,
this ﬁnite depth condition is far from necessary for the tower to
stabilise; for instance, the Temperley–Lieb planar algebra TL}cf.
[6]}satisﬁes TL ¼ ðTLÞk 8k50 (since it is generated by its zero boxes)
although TL has inﬁnite depth in the ‘generic case’. We shall call the
smallest integer for which the tower (1.1) stabilises the planar depth; i.e. P
has planar depth k; 04k41 if P ¼ Pl , l5k: Since ‘planar depth 4
depth’, it is natural to ask what the planar depth of a ﬁnite-depth planar
algebra can be.
In Section 2, we prove a fairly simple fact (cf. Corollary 2.2.2 and
Proposition 2.2.1) that sufﬁces to determine the planar depth of some planar
algebras of ﬁnite depth.
The ﬁrst author (in [9]) gave a presentation of the planar algebra PðGÞ of
the group subfactor corresponding to the ﬁxed-points of an outer action
of a ﬁnite group G on a II1 factor. He then considered the scenario of
a ﬁnite group Y acting on the group G as group-automorphisms. He
showed (Theorem 9 of [9]) that the planar algebra that is generated by the
elements in PðGÞ2  CG which are ﬁxed by (the linear extension of) Y; is
strictly smaller than PðGÞ: He discussed this subplanar algebra for several
examples.
In Section 3, we begin by observing that if Y acts on G as above, then
there is a natural associated action of Y on the planar algebra PðGÞ: The
invariants of this action, call it PY (the group G and the action of Y on it
will be ﬁxed once and for all), yield a planar subalgebra of PðGÞ: We see that
the ‘subplanar algebra’ of the last sentence of the previous paragraph is just
what we call ðPYÞ2:
We show that PY can in fact be identiﬁed with the planar algebra
associated with the subgroup-subfactor corresponding to the subgroup Y of
the semi-direct product GsY and in particular has finite depth. This ﬁnite
depth statement implies, as observed earlier, that PY has ﬁnite planar depth.
We conclude by discussing some examples that illustrate several possible
features of the tower (1.1).
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We shall use the terminology of [6] for planar algebras. Thus, a planar
algebra P is a tower fPn : n ¼ 0; 1; 2; 	 	 	g of ﬁnite-dimensional Cn-algebras
equipped with ‘an action of the coloured operad P of labelled tangles’. We
shall, as in [6], use the term ‘k-boxes’ to denote elements of Pk:
As stated in the introduction, if P ¼ fPng is a planar algebra, we shall
denote by Pn the planar subalgebra of P generated by Pn: We shall denote
by Pnk the vector space of k-boxes in P
n:
Proposition 2.2.1. Suppose the principal graph G of P satisfies the
following condition for some n 2 N:
(y) each vertex at distance ðn þ 1Þ from * is adjacent to a unique vertex
at distance n from * ; and these latter vertices (¼ neighbours) are all distinct.
Then Pn ¼ Pnþ1:
Proof. The proof relies on an inspection of the tower
Pnn  P
n
nþ1  P
nþ1
nþ1; ð2Þ
showing that the condition (y) implies that the second inclusion is actually
an equality, and thus Pn ¼ Pnþ1:
We introduce some notation for the Bratteli diagrams for the inclusions in (2):
(i) Denote by X ; Y ; and Z the vertex set for Pnn; P
n
nþ1; and P
nþ1
nþ1;
respectively.
(ii) Deﬁne the set
B ¼ fðx; yÞ : x 2 X is connected to y 2 Y in the Bratteli diagramg‘
fðy; zÞ : y 2 Y is connected to z 2 Z in the Bratteli diagramg;
where
‘
denotes the disjoint union.
(iii) For sets S and T we shall write ðS; TÞ ¼ Id if there is a bijection
f : S ! T such that for all s 2 S; t 2 T
ðs; tÞ 2 B , t ¼ f ðsÞ:
(iv) Since the inclusion Pn ¼ Pnn  P
nþ1
nþ1 ¼ Pnþ1 is part of a Jones
tower, there is a natural partition of X and Z into ‘old’ and ‘new’ vertices
(see [4] or [7] for this terminology) which we write as X ¼ X O
‘
X N and
Z ¼ ZO
‘
ZN :
LANDAU AND SUNDER74(v) The inclusion Pnn  P
n
nþ1 is also part of a Jones tower and thus X
and Y have a natural partition into ‘old’ and ‘new’ vertices as well.
Furthermore, this partition for X is the same as the partition in (v) above
since the two Jones towers are identical up to Pnn ¼ Pn: We denote the
partition of Y by Y ¼ Y O
‘
Y N :
With this notation, showing equality between Pnnþ1 and P
nþ1
nþ1 is equivalent
to showing ðY ; ZÞ ¼ Id: We shall accomplish this by showing the four
statements:
ðY N ; ZNÞ ¼ Id ; ðY O; ZOÞ ¼ Id ;
ðY N  ZOÞ \ B ¼ |; ðY O  ZN Þ \ B ¼ |: ð3Þ
We have the following facts about the Bratteli diagram:
(a) ðfyg  ZÞ \ Ba| for all y 2 Y :
(b) The nature of the partition of X ; Y and Z into old and new vertices
implies that
(i) ðX O  Y N Þ \ B ¼ |;
(ii) for all y 2 Y O; ðX O  fygÞ \ Ba|;
(iii) there is no y 2 Y such that
ðX O  fygÞ \ Ba| and ðfyg  ZN Þ \ Ba|:
(c) It follows from (bii) and (biii) that ðY O  ZNÞ \ B ¼ |:
(d) Since both Y O and ZO correspond to the set of minimal
central projections in the ‘basic construction ideal’ PnenPn (with en 2 Pnþ1
denoting the nth Jones projection), we have ðY O; ZOÞ ¼ Id and ðY N 
ZOÞ \ B ¼ |:
Thus, we have shown the last three statements in (3); it remains to show
that ðY N ; ZNÞ ¼ Id : But given ðY N  ZOÞ \ B ¼ | and (a), this is just what
condition (y) ensures. ]
Corollary 2.2.2. Let P be a planar algebra with associated principal
graph G: Suppose G has no double bonds, no vertices of degree greater than 3,
and a unique vertex of degree 3. If this degree 3 vertex is of distance ðk  1Þ
from * ; then P has planar depth k and is generated (as a planar algebra) by
one k-box.
Proof. It follows directly from Proposition 2.2.1 that Pl ¼ Plþ1 for all
l5k; hence the planar depth of P is ﬁnite and at most k: On the other hand,
a simple dimension argument shows that Pk1 ¼ P0 is nothing but the
PLANAR DEPTH AND PLANAR SUBALGEBRAS 75Temperley–Lieb planar algebra TL and in particular Pk1aPk; so the
planar depth is exactly k: Finally, the hypothesis shows that dim Pk ¼
dim TLk þ 1; and this shows that any element of Pk which is not in Pk1k will
generate P as a planar algebra. ]
Remark 2.2.3. Three remarks are in order here.
(a) Special cases to which this Corollary applies are the cases when G is
D2n; E6; E8 and the principal graph of the
5þ
ﬃﬃﬃﬃ
13
p
2
subfactor of [1].
(b) Of the pair of principal graphs associated to the
5þ
ﬃﬃﬃﬃ
13
p
2
subfactor of
[1], one graph has a unique triple point, while the other has two triple points
at different distances from *. (This feature also holds in each case of the
heirarchy of pairs of graphs listed (see [5, case (2)]) by Haagerup as other
possible ﬁnite principal graphs of subfactors of index less than 3þ
ﬃﬃﬃ
3
p
:)
Since the planar depth of a subfactor is the same as that of its dual, we see
(as illustrated by the graph (in [5]), referred to above, with two triple points)
that it is possible for a principal graph to have a triple point at a distance
ðk  1Þ from * and still have planar depth strictly smaller than k:
(c) As remarked above (and as can be seen from Jones’ description of
PMM1 ), a planar algebra and its dual planar algebra have the same planar
depth. This is not the case for the usual depth of a subfactor; the
5þ
ﬃﬃﬃﬃ
13
p
2
subfactor provides an example where the depths of the subfactor and its
dual differ. This may be cited as one reason why ‘planar depth’ is a more
natural notion than the usual depth.
3. SOME PLANAR SUBALGEBRAS OF THE GROUP PLANAR
ALGEBRA
We shall only be concerned with planar algebras P which come equipped
with a ‘presentation (whose symbol F we shall suppress) by a collection
L ¼
‘1
n¼0 Lk of labels’. (Again see [6] for notation.)
In fact, following [9], we shall be primarily concerned with the planar
algebra PðGÞ; which has a presentation as above with generators given by
L2 ¼ G and Lk ¼ | for ka2; the relation that a simple closed loop (of either
orientation) be the scalar jGj
1
2 and the additional six relations labelled
00,0,1,2,3,4 below (and in Theorem 5 of [9]). We shall assume that
we are given a group Y and an action a :Y! AutðGÞ: Nothing is changed
if we replace Y by Y=ker a; so we assume that Y acts faithfully, i.e. that
a is 1–1.
LANDAU AND SUNDER76We consider the map on tangles that replaces the label of each
2-box with the label’s image under y 2 Y: Since y is a group auto-
morphism, it is seen that the set of relations deﬁning PðGÞ is unchanged
by this map and thus this map deﬁnes an automorphism of PðGÞ
which we shall continue to denote by y: It follows that the set PY of
invariants for this action of Y on PðGÞ is a sub-planar algebra of P; and that
the set of Y-invariant k-boxes of PðGÞ constitutes precisely the set of k-
boxes of PY:
For each k ¼ 1; 2; . . . and y 2 Y; let aðkÞy 2 AutðG
kÞ be deﬁned by
aðkÞy ðg1; g2; . . . ; gkÞ ¼ ðayðg1Þ; ayðg2Þ; . . . ; ayðgkÞÞ: When the context is clear,
we shall simply write yðg1; . . . ; gkÞ for what we have deﬁned above as
aðkÞy ðg1; . . . ; gkÞ:
For convenience of reference, we shall gather various simple facts about
bases for the spaces PðGÞk in the form of the following remark.
Remark 3.3.1. (a) It was shown in Theorem 6 of [9] that if we let
Tðg1; . . . ; gk1Þ denote the labelled k-tangle given by
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g
k
−1
g
k
−2
g 1 2
for k odd, and
g
k/2
g
g
k
−2
k
−1
g
g 1 2
for k even, then fTð %gÞ : %g 2 Gk1g is an orthonormal basis of PðGÞk (with
respect to the inner product given by the natural trace).
(b) We shall ﬁnd it convenient to use a slightly different basis (which,
as we shall see, is actually just a rearrangement of the basis in (a)): deﬁne
Sð %gÞ; %g 2 Gk1 to be the labelled k-tangle given by
1
   g    g
2
   gk−1
LANDAU AND SUNDER78for k odd, and
1
   g    g
2
   gk−1
for k even.
(c) On the one hand, the map Gk1 ] %g/ %h 2 Gk1 deﬁned by
hi ¼
g1i giþ1 if iok  1;
g1k1 if i ¼ k  1
(
ð4Þ
is clearly a bijection with inverse given by %h/ %g; where gi ¼ ðhihiþ1 . . . hk1Þ
1:
On the other hand, it is an easy exercise to use relation (3) above to show
that}with %g and %h related as above}we have Sð %gÞ ¼ Tð %hÞ; and hence that
fSð %gÞ : %g 2 Gk1g is an orthonormal basis of PðGÞk as well.
(d) It follows from the deﬁnitions that fSð1; g2; g3; . . . ; gk1Þ : ðg2; g3 . . .
gk1Þ 2 Gk2g is an orthonormal basis for PðGÞ1;k: (Reason: Clearly
Sð %gÞ 2 PðGÞ1;k if g1 ¼ 1; while relation (2) above shows that Sð %gÞ ? PðGÞ1;k
if g1að1Þ:)
(e) We will also need to decompose an Sð %gÞ; %g 2 Gk2; when regarded
as an element of PðGÞk under the natural inclusion of PðGÞk1 into
PðGÞk; in terms of the basis fSð %hÞ : %h 2 G
k1g: The desired decomposition
is
Sðg1; . . . ; gk2Þ ¼
1ﬃﬃﬃﬃ
jGj
p P
h2G Sðg1; . . . ; gk1
2
; h; gkþ1
2
; . . . ; gk2Þ if k is odd;
Sðg1; . . . ; gk2
2
; gk
2
; gk
2
; . . . ; gk2Þ if k is even:
8><
>:
ð5Þ
(f) In what follows, we shall ﬁnd it convenient to use the notation
dxe ¼ minfn 2 Z : x4ng:
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have:
Sðg1; g2; . . . ; gk1ÞSðh1; h2; . . . ; hk1Þ
¼ jGjd
k
2
e1
Ydk2e
i¼2
dðh1gkþ1i; hiÞ
0
B@
1
CA
 Sðh1g1; h1g2; . . . ; h1gdk
2
e
; h
dk
2
eþ1
; h
dk
2
eþ2
; . . . ; hk1Þ; ð6Þ
where dða; bÞ is zero unless a ¼ b in which case it is one.
(g) The action of Y on PðGÞk maps an orthonormal basis onto itself
and consequently yields a unitary representation of Y; in particular, the
orthogonal projection of PðGÞk onto P
Y
k is given by the usual averaging
operator. So, if we deﬁne YSð %gÞ ¼
P
y2Y Sðyð %gÞÞ; it is seen that
fYSð %gÞ : ½ %g 2 Gk=Yg is an orthogonal set of vectors, which clearly spans
PYk (where we have written ½ %g to denote the orbit of %g under Y; and G
k=Y to
denote the set of all such orbits in Gk). Finally, it is not hard to deduce from
Eq. (6) and the relations deﬁning PðGÞ that if %g; %h 2 Gk1; then
YSðg1; g2; . . . ; gk1ÞYSðh1; h2; . . . ; hk1Þ
¼ jGjd
k
2
e1
X
y002Y
Ydk2e
i¼2
dðh1y
00ðgkþ1iÞ; hiÞ
0
B@
1
CA
YSðh1y
00ðg1Þ; h1y
00ðg2Þ; . . . ; h1y
00ðg
dk
2
e
Þ; h
dk
2
eþ1
; h
dk
2
eþ2
; . . . ; hk1Þ: ð7Þ
Theorem 3.3.2. Let G;Y be as above, and let GsY denote the semi-
direct product associated to this group action, and let N ¼ RGsY  RY ¼ M
denote the associated subgroup-subfactor. Then
PY ﬃ PNM :
Proof. For notational convenience let Pk ¼ PYk ; P1;k ¼ P
Y
1;k; Qk ¼
PNMk ; Q1;k ¼ P
NM
1;k : We shall write the elements of GsY as ordered
pairs ðg; yÞ with the usual multiplication ðg1; y1Þðg2; y2Þ ¼ ðg1y1ðg2Þ; y1y2Þ: We
begin by recalling some of the work in [3] which will allow us to describe the
standard invariant of PNM : We let q ¼ 1jYj
P
y2Y (1,) be the projection
corresponding to the subgroup Y GsY: Deﬁne Bn 2An;n to be the
following annular map in PðGsYÞ:
LANDAU AND SUNDER80q q q
n
for n even,
qqq
q
q q q
qq
q n
n
for odd.
Deﬁne the natural inclusion map
i : BnðPnÞ ! Bnþ1ðPnþ1Þ
given by
t/Bnþ1ðtÞ:
We denote this inclusion by i :
Corollary 4.5 of [3] then states that the tower
Q0  Q1  Q2  	 	 	
[ [
Q1;1  Q1;2  	 	 	
	 	 	  Qn 	 	 	
[
	 	 	  Q1;n 	 	 	
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B0ðP0ðGsYÞÞ i B1ðP1ðGsYÞÞ i B2ðP2ðGsYÞÞ 	 	 	
[ [
B1ðP1;1ðGsYÞÞ i B2ðP1;2ðGsYÞÞ 	 	 	
	 	 	 i BnðPnðGsYÞÞ 	 	 	
[
	 	 	 i BnðP1;nðGsYÞÞ 	 	 	 :
Using the relations in PðGsYÞ we ﬁnd that
BnðSððg1; y1Þ; ðg2; y2Þ; . . . ; ðgn1; yn1ÞÞÞ
¼
1
jYjn
X
y2Y; %g2Y2n1
Sððyðg1Þ; g1Þ; ðyðg2Þ; g2Þ; . . . ; ðyðgn1Þ; gn1ÞÞ;
which only depends on the orbit of ðg1; g2; . . . ; gn1Þ under Y: We shall
denote this sum of elements}i.e., jYjn times the right-hand side of the above
equation}by Uð %gÞ; again, note that Uð %gÞ depends only on the orbit ½ %g of %g
under Y: It follows then that fUð %gÞg½ %g2Gn1=Y is an orthogonal basis for
BnðPnðGsYÞÞ: (It is a complete set since it is the image under Bn of a basis
for PnðGsYÞ: It is an orthogonal set because distinct elements are linear
combinations of disjoint subsets of an orthonormal basis of PnðGsYÞ:)
Analogous to Eq. (6), we ﬁnd}arguing this time in the group
GsY}that if %g; %h 2 Gk1; then
Uðg1; g2; . . . ; gk1ÞUðh1; h2; . . . ; hk1Þ
¼ jGjd
k
2
e1jYjk1
X
y002Y
Ydk2e
i¼2
dðh1y
00ðgkþ1iÞ; hiÞ
0
B@
1
CA
 Uðh1y
00ðg1Þ; h1y
00ðg2Þ; . . . ; h1y
00ðg
dk
2
e
Þ; h
dk
2
eþ1
; h
dk
2
eþ2
. . . hk1Þ: ð8Þ
Deﬁne bk : Pk ! BkðPkðGsYÞÞ by
bkðYðSð %gÞÞÞ ¼ jYj
1kUð½ %gÞ; %g 2 Gk1: ð9Þ
By the foregoing remarks, bk maps an orthogonal basis of Pk onto an
orthogonal basis of BkðPkðGsYÞÞ and is thus a well deﬁned bijection of
vector spaces. To establish the isomorphism of towers we only need to verify
that, for all k;
LANDAU AND SUNDER821. bk is a homomorphism,
2. bkðP1;kÞ ¼ BkðP1;kðGsYÞÞ;
3. bk jPk1 ¼ i 8 bk1:
It is a straightforward consequence of Eqs. (6) and (7) and the carefully
chosen constant in Deﬁnition (9) that bk indeed preserves multiplication and
is thus a homomorphism.
The second assertion above is a consequence of Remark 3.3.1(d),
and the fact that fUð %gÞ : g1 ¼ 1; ½ %g 2 Gk1=Yg is a basis for BkðP1;k 
ðGsYÞÞ (the proof of which fact is analogous to that of Remark 3.3.1(d)).
Finally, the third assertion above follows from Remark 3.3.1(e). ]
In the sequel, we shall economise on parentheses and write PY;n
for ðPYÞn:
Corollary 3.3.3. Suppose there exists %g0 2 Gl1 such that the
mapping
Y]y/ yð %g0Þ 2 Gl1
is injective. Then PY ¼ PY;2l :
Proof. If k52l  1 and A; B 2 Pk; deﬁne PðA; BÞ to be the element of
P2k2lþ1 given by the following tangle:
2k −2l+1
A
B
k
PLANAR DEPTH AND PLANAR SUBALGEBRAS 83It follows from the group relations that
PðTðg1; . . . ; gk1Þ; Tðh1; . . . ; hk1ÞÞ
¼ jGjl1
Yl1
i¼1
dðgkihi; 1Þ
 !
Tðg1; . . . ; gkl ; hl ; . . . ; hk1Þ: ð10Þ
Let us write (as in Remark 3.3.1(g))
YTð %gÞ ¼
X
y2Y
Tðyð %gÞÞ:
Then, for arbitrary %g 2 G2k2lþ1; we ﬁnd, using (10), that
PðYTðg1; . . . ; gkl ; g01; . . . ; g
0
l1Þ;YTððg
0
l1Þ
1; ðg0l2Þ
1; . . . ; ðg01Þ
1;
gklþ1; . . . ; g2k2lþ1ÞÞ
¼ jGjl1
X
y;y0
Yl
i¼1
dðyðg0liÞy
0ððg0liÞ
1Þ; 1Þ
 !
 Tðyðg1Þ; yðg2Þ; . . . ; yðgklÞ; y
0ðgklþ1Þ; . . . ; y
0ðg2k2lþ1ÞÞ: ð11Þ
Since y/ yð %g0Þ is 1–1, it follows that
Yl
i¼1
dðyðg0liÞy
0ððg0liÞ
1Þ; 1Þ ¼ dðyð %g0Þ; y0ð %g0ÞÞ ¼ dðy; y0Þ;
and thus the right-hand side of (11) simpliﬁes to
jGjl1
X
y
Tðyðg1Þ; . . . ; yðg2k2lþ1ÞÞ ¼ jGjl1YTð %gÞ:
Since fYTð %gÞg is a basis for PY2k2lþ1; we have shown
PY;2l ¼ PY;2lþ1 ¼ PY;2lþ3 ¼ PY;2lþ7 ¼ 	 	 	 ¼ PY: ]
Example 3.3.4. We consider a few examples.
(a) Let Y ¼ Z2 act on Zn ‘by inversion’; thus, the involutory
automorphism corresponding to the non-trivial element of Y is given by
tðxÞ ¼ x 8x 2 Zn: It follows from ‘the Mackey machine’}see [4], [7] or [8],
for instance}that the principal graph (for PY and hence for the subgroup-
subfactor corresponding to the inclusion Z2  ZnsZ2) is given thus:
LANDAU AND SUNDER84Case (i): n is odd
.
(n−1)/2  vertices
*
Case (ii): n is even
.
.
.
.
(n−2)/2  vertices
.
*
In both cases, it is clear that PY;1 ¼ TLaPY;2; while it follows from
Proposition 2.2.1 that PY;3 ¼ PY;4 ¼ PY if n is odd. (Of course, the case
n ¼ 3 must be discussed separately, since we get PY ¼ TL in this case.)
Further, an argument given in [9] (see the pictorial identity within the
example G ¼ D2nþ1 towards the end) shows that PY;2 ¼ PY;3 for all n: In
particular, the planar depth of PY is two, if n is odd.
On the other hand, it turns out that for even n; the planar depth of PY is
four, as we show now. In view of the remarks of the last paragraph, it will
sufﬁce to show that PY;2aPY in this case. Since PY has ﬁnite depth, it will
sufﬁce to show that PY;2 is the free product of PðZ2Þ and PðZn=2Þ (since free
products necessarily have inﬁnite depth). (See [2] for the deﬁnition and these
facts about free products}or free compositions, as they are called there}of
subfactors; also see [6] for free products in the planar algebra context.)
We know from Theorem 3.3.2 that PY ¼ PNM ; where N ¼ RZnsZ2 and
M ¼ RZ2 : Then, it follows from the analysis of [3] that the free product
PNQ *P
QM is contained in PNM : Let H denote the centre of ZnsZ2; so
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subfactor. Since the subgroup H is normal in ZnsZ2; and since
ðRA  RBÞ ﬃ ðRA=B  RÞ;
whenever B is a normal subgroup of a ﬁnite group A; we ﬁnd that PNQ ﬃ
PððZnsZ2Þ=ðZ2sZ2ÞÞ ﬃ PðZn=2Þ and that PQM ﬃ PðZ2Þ: We may
conclude that
dim PNM2 ¼ dim P
Y;2
2
¼ no: of orbits of Y in Zn
¼
n  2
2
þ 2
¼ n=2þ 2 1
¼ ðdim PNQ2 Þ þ ðdim P
QM
2 Þ  1:
It is proved in [3] that this equality allows us to conclude that PY;2 ¼
PNQ *P
QM ; as desired.
(b) Let Y ¼ Z3 act on Z2  Z2; with the generator of Z3 cycli-
cally permuting the three non-trivial elements of Z2  Z2: It again
follows from the Mackey machine that the principal graph is given by the
extended Coxeter diagram E˜6; and we may conclude from Corollary 2.2.2
that
PY;k ¼
TL if k42;
PY if k > 2:
(
(c) The action of Z3 on Z2  Z2 in Example (b) above, can be extended
to an action of S3 (with the transpositions interchanging pairs of non-trivial
elements); in this case, PY has principal graph given by the extended Coxeter
diagram E˜7; and we may conclude from Corollary 2.2.2 that
PY;k ¼
TL if k43;
PY if k > 3:
(
(d) Consider Y ¼ Z3 acting on G ¼ Z7 with the generator of Z3
acting as the map x/ x2: In this case, we ﬁnd that the principal graph is
given by
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We can deduce from Proposition 2.2.1 that PY;3 ¼ PY;4 ¼ PY: We can
easily see that PY;1 ¼ TLaPY;2; we shall now proceed to show that
PY;2 ¼ PY;3:
Let X (resp., Y ) denote the sum of the 2-boxes labelled by the members of
½1 ¼ f1; 2; 4g (resp. ½3 ¼ f3; 6; 5g). If we let Z denote the 2-box labelled by
0, then it is clear that fZ; X ; Yg is a basis for PY;22 :
If z; w 2 G; let us write ððz; wÞÞ for the element (of PðGÞ3) obtained if we
substitute z and w; respectively, for E and F in the picture given by
E
F
((E, F)) =
and ½z; w ¼
P
y2Y ððyðzÞ; yðwÞÞÞ: The deﬁnitions imply}by considering the
Y-orbits in G  G}that PY3 is linearly spanned by the set
f½0; 0; ½0; 1; ½0; 3g [ f½1; w : w 2 Gg [ f½3; w : w 2 Gg:
Next we write ðA; B; C; DÞ for the value of the following picture (where
A; B; C; D 2 PY;22 ):
A                    B
C D
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ðZ; Z; Z; ZÞ ¼
ﬃﬃﬃ
7
p
½0; 0;
ðZ; Z; Z; X Þ ¼
ﬃﬃﬃ
7
p
½0; 1;
ðZ; Z; Z; Y Þ ¼
ﬃﬃﬃ
7
p
½0; 3;
ðX ; Z; Y ; ZÞ ¼
ﬃﬃﬃ
7
p
½1; 0;
ðX ; X ; Z; ZÞ ¼
ﬃﬃﬃ
7
p
½1; 1;
ðX ; X ; X ; ZÞ ¼
ﬃﬃﬃ
7
p
½1; 2;
ðX ; Y ; X ; ZÞ ¼
ﬃﬃﬃ
7
p
ð½1; 3 þ ½1; 5Þ;
ðX ; X ; Y ; ZÞ ¼
ﬃﬃﬃ
7
p
½1; 4;
ðX ; Y ; X ; X Þ ¼
ﬃﬃﬃ
7
p
ð2½1; 0 þ ½1; 2 þ ½1; 4 þ ½1; 5 þ ½1; 6Þ;
ðX ; Y ; Y ; ZÞ ¼
ﬃﬃﬃ
7
p
½1; 6:
These identities show that ½0; x; ½1; x 2 PY;23 for all x 2 G: Similar
computations show that ½3; x 2 PY;23 for all x 2 G: Thus, we have shown
that PY3  P
Y;2; so PY;3  PY;2; and PY;3 ¼ PY;2; as desired.
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